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1. Let ν be a signed measure on (X,=). Show that

ν+E = sup{νF : F ⊂ E;E,F ∈ =}

ν−E = inf{νF : F ⊂ E;E,F ∈ =}

2. Let (X,=, µ) be a measure space and f be integrable. Define νE =
∫
E
fdµ. Show that

(a) ν is a signed measure on (X,=) and it is a measure if f ≥ 0

(b) | ν | (E) =
∫
E
|f |dµ

(c) Define F(x)=
∫ x
−∞ f is continuous, where (X,=, µ) is the L-measure space in R.

(d) Find the Hahn decomposition and Jordan decomposition for ν.

3. Let µ, ν be two measures. Show that ν � µ does not imply µE = 0 =⇒ νE = 0 by
constructing a suitable example.

4. Let µ be a signed measure. Calculate dµ+

dµ
, dµ

−

dµ
, dµ
d|µ| .

5. (a) Let ν, µ, λ be signed measures and let ν � µ, µ� λ. Show that ν � λ and dν
dλ

= dν
dµ

dµ
dλ

.

(b) Let µ� ν and ν � µ. Show that dµ
dν

= 1
dν
dµ

. Deduce that dµ
dν
6= 0 a.e.

(c) Let f be integrable. Show that ∫
fdµ =

∫
f
dµ

dλ
λ.

6. Let ν, µ be finite positive measures and ν � µ. If for any measurable function g ≥ 0, we have∫
gdµ =

∫
fgd(µ+ ν),

where f = dν
d(µ+ν)

. Prove that dν
dµ

= f
1−f .
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7. Construct a counter example for the continuity theorem that ν is a finite signed measure
cannot be dropped. ( Recall the theorem: ν is a finite signed measure, µ is a signed measure
with that ν � µ. Thus, ε > 0,∃δ > 0 such that | µ | (E) ≤ ε =⇒ | ν | (E) ≤ δ).

8. Construct an example that µ is σ-finite cannot be dropped in R-N Theorem.

9. Let ν be any signed measure on (N,P(N)) and µ be the conting measure. Then, show that
ν � µ and compute dν

dµ
.

10. Let µ and ν be σ-finite measures and ν � µ, then, show that dν
dµ
6= 0 a.e. [ν].
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